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Summary

1. Definition and divideandconquer strategies

2. Simple recursive algorithms
Fibonacci numbers
Dicothomic search
X-Expansion
Proposed exercises
3. Recursiveysliterative strategies

4. More complex examples of recursive algorithms
Kni ght s Tour
Proposedexercises
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Definition
1 A method (or a procedure or a function) is defined as
recursive when:
Inside its definition, we have a call to the same method
(procedure, function)
Or, inside its definition, there is a call to another method that,
directly or indirectly, calls the method itself
+ An algorithm Is said to be recursive when it is based on
recursive methods (procedures, functions)

To-DO LIS T
I+ Make a to-do ligt

OO |0ooo
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Example: Factorial

Vd

TIA K p public long recursiveFactorial(
{
long result=1;
I,
AK G %A " NS
return 1 ;
else {
result = recursiveFactorial(N
result =N *result;
return result ;
}
}

long N)

-1);
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Motivation

} Many problems lend themselves, naturally, to a recursive
description:

1 We define a method to solve sytroblems similar to the initial
one, but smaller

1 We define a method to combine the partial solutions into the
overall solution of the original problem
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Divide et Impera 0 Divide and Conquer

} Solution = Solve ( Problem ) ;

+ Solve( Problem ) {
List<SubProblem subProblems ( Problem ) ;

For ( eachsubRi] in subProblems {
SubSolution] = Solve (subRi] ) ;

}
Solution = ( SubSolution[1..N]) ;

return Solution ;

b}
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Divide et Impera 0 Divide and Conquer

} Solution = Solve ( Problem ) ;

}4Solve( Problem ) {
List<SubProblem subProblems ( Problem ) ;

For ( eachsubRi] in subProblems {
SubSolution] = Solve (subRi] ) ;

Solution = \ ( SubSolutiopl..N ] c‘g as(]bproblems, each
. 0 Otimes smaller than
return Solution ; b the initial problem
b}
R recursive call

~
-~
-~ -
St _—— -
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How to stop recursion?

1 Recursiommust not be infinite
Any algorithm must always terminate!

} After a sufficient nesting level, spboblems become so
small (and so easy) to be solved.:
Trivially (ex: sets of just one element)
Or, with methods different from recursion
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Warnings

Al ways remember the Ot er mi

} Ensurethatallsupbr obl ems are strioc
the initial problem
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Divide et Impera 0 Divide and Conquer

} Solve( Problem ) {

If( problem is trivial )
Solution =Solve trivial ( Problem ) ;

else {
List<SubProblem subProblems ( Problem) ;

For ( eachsubRi] in subProblems {
SubSolution] = Solve ( subRi] ) ;

}
Solution = ( SubSolution[1..N]) -

}

return Solution ;

b}
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What about complexity?

}
}
}
}

—

—_

a = number of suiproblems for a problem

b = how smaller suiproblems are than the original one

n = size of the original problem
T(n) = complexity ofSolve

€ our u ndompbewtyfunction
U(1) = complexity ofSolve trivial

éot her wi se
D(n) = complexity of
C(n) = complexity of

12

| 1 woul dnot
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Divide et Impera 0 Divide and Conquer

} Solve( Problem ) { T(n)

If( problem is trivial ) )
Solution =Solve_trivial ( Problem ) ; U(1)

else {
List<SubProblem subProblems: ( Problem) . I D(n)
For ( eachsubRi] in subProblems { | -

SubSolution] = Solve ( subRi] ) ; atimes

) T(n/b)
Solution = ( SubSolutiopl.af);

}

return Solution ; C(n)

b}
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Complexity computation

b T(n) =
Q(1) forn¢c
D(n) +aT(n/b)+C(n) forn>c

} Recurrence Equation not easy to solve in the general cas

} Special case:

It D(n)+C(n)=Q(n)
We obtainT(n) = Q(nlog n) .
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Simple recursive algorithms

Recursion



Fibonaccl Numbers

1 Problem:

Compute the Nth Fibonacci Number
1 Definition:

FIB., = FIB + FIB_ for N>0

FIB =1

FIB =0
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Recursive solution

public long recursiveFibonacci(  long N){
if (N==0)

return O;
if (N==1)

return 1;
long left = recursiveFibonacci(N -1);
long right = recursiveFibonacci(N -2);

return left + right ;
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Analysis

FIB(5)

— N

FIB(3) FIB(4)
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Analysis

FIB(5)

— S

FIB(3) FIB(4)

N

FIB(1) FIB(2)

N

FIB(0) FIB(1)
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Analysis

FIB(5)
/ \
FIB(3) FIB(4)
FIB(1) FIB(2) FIB(3) FIB(2)
N\ VRN \
FIB(0) FIB(1) FIB(1) FIB(2) FIB(1)
/ \
FIB(0) FIB(1) FIB(0)
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An alySiS Complexity?

FIB(5)
/ \
FIB(3) FIB(4)
FIB(1) FIB(2) FIB(3) FIB(2)
N\ VRN \
FIB(0) FIB(1) FIB(1) FIB(2) FIB(1)
/ \
FIB(0) FIB(1) FIB(0)
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Example: dichotomic search

1 Problem
Determine whether an element x gresent inside an ordered
vector V[N]

+ Approach
Divide the vector in two halves
Compare the middle element with x

Reapply the problem over one of the two halves (left or right,
depending on the comparison result)

The other half may be ignored, since the vector is ordered
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Example

"Bl 1 3 46 8 9 11 12
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Example
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Example
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Solution

public

{

26

int find( int [Jv, int a, int b, Iint Xx)

if(lo -a==0){// trivial case

if(v[a]==x) return a ; /[ found
else return Zl ; // not found
}
int ¢ =(atb)/2 ;//splitting point
if(v[c] >= x )
return find(v, a, c, X) ;
else return find(v, c +1, b, X) ;
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Solution

public int finc

» Beware of integearithmetic
approximations!
}

int ¢ =(ath)/2 g point
if(v[c] >= x )

return find(v, a, ¢ J) ;
else return find(v, c +1, b, X) ;
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Quick reference
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